In this paper, we continue the study of the Davey-Stewartson system which is one of the most important(2 + 1) dimensional integrable models. As we showed in the previous paper, the dDS (dispersionless DaveyStewartson) system arises from Hamiltonian vector fields Lax pair. A new hierarchy of compatible PDEs defining infinitely many symmetries, which is associated with the dDS system, is defined in this paper. We show that this hierarchy arises from the commutation condition of a particular series of one-parameter Hamiltonian vector fields.
Introduction
In 1974 Davey and Stewartson [1] used a multi-scale analysis to derive a coupled system of nonlinear partial differential equations describing the evolution of a three dimensional wave packet in water of a finite depth. The general DS(DaveyStewartson) systems (parametrized by ε > 0) for a complex (wave-amplitude) field q(x, y, t) and a real (mean-flow) field φ(x, y, t) are given by iεq t + ε 2 2 (q xx + σ 2 q yy ) + δqφ = 0, (1a)
in which the variables t, x, y ∈ R. We shall refer to (1) with σ = 1 the DS-I (Davey-Stewartson-I) system and with σ = i the DS-II (Davey-Stewartson-II) system. We also refer to (1) with δ = 1 the focusing case and with δ = −1 the defocusing case respectively. The Davey-Stewartson systems (1), as prototype example of classical integrable systems, have been extensively studied and many important results are obtained [2] : N -line soliton solutions [3] [4] [5] [6] [7] [8] ; localized exponentially decaying solitons [9] ; an infinite dimensional symmetry group,in fact this involves an infinite dimensional Lie algebra with a Kac-MoodyVirasoro loop structure [10, 11] ; similarity reductions to the second and fourth Painlevé equations [12] ; a Bäcklund transformation and Painlevé property [13] ; an infinite number of commuting symmetries and conservation quantities, a recursion operator and bi-Hamiltonian structure [14, 15] .
In the recent research [16] , we showed that, the following dDS system, which is the semi-classical limit of Davey-Stewartson system,
arises from the commutation condition of Hamiltonian vector fields Lax pair
in which
and the Hamiltonians read as follows
Here and hereafter in this paper, the Poisson bracket is defined as {A, B} = A λ B z − A z B λ . Obviously, this dDS system (2) is equivalent to the following Zakharov-Shabat equation
An integrable PDE (partial differential equation) system is usually associated with a hierarchy of PDEs defining infinitely many symmetries. It is also the case for the integrable dispersionless (hydrodynamic type) systems. Two important examples are the dKP (dispersionless Kadomtsev-Petviashvili) hierarchy and SDIFF(2) Toda hierarchy which have been intensively studied in the literatures [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . According to (5) , in this framework, 0 and ∞ are the singular points in the complex λ-plane. Therefore the construction of dDS hierarchy is different from the dKP case which has the only singular point ∞ in the complex λ-plane. In the dDS case, the generators of the Hamiltonians are two eigenfunctions, one with polar singularity around 0 and the other around ∞. In fact, this case is closely connected with the framework of hyper-Kähler hierarchy developed by Takasaki [22] [23] [24] [25] [26] [27] but more general since both eigenfunctions appear in the construction of the Hamiltonians (i.e., including both the positive and negative parts).
This paper is organized as follows: first, we define the dDS (dispersionless Davey-Stewartson) hierarchy which includes infinitely many compatible PDEs; second, we derive the twistor structure and Lax-Sato formlism for this dDS hierarchy; third, we show some examples including dDS system, dmKP (dispersionless modified KP) equation and discuss the more general unreduced hierarchy.
The dispersionless Davey-Stewartson hierarchy
The notion of dDS hierarchy is an extension of the system (2) associated to the vector fields Lax pair (4) and Hamiltonians (5) . From this point we introduce a vector filed asL
where λ is a complex parameter and u = u(t mn ), v = v(t mn ) depend on complex variables t mn (m, n are nonnegative integers and m + n ≥ 1, and we denote t 10 ≡ z, t 01 ≡ẑ in this paper.) With a given arbitrary closed curve Γ around the original point in the complex λ-plane, two eigenfunctions Φ andΦ ofL can be described by the following formal Laurent expansions:
The eigenfunction Φ is defined and holomorphic outside Γ ( include this curve) up to the point λ = ∞ where it has a first order pole, and respectively the eigenfunctionΦ is defined and holomorphic inside Γ ( include this curve) up to the point λ = 0 where it has a first order pole.
Remark1: By recursion, we can deduce that all the coefficients f k and g k of the Laurent expansions Φ andΦ depend on the two functions u, v and their derivatives or integrals with respect to the independent variables z,ẑ. The leading terms of the eigenfunctions Φ andΦ can be obtained directly by the definitionLΦ = 0 andLΦ = 0:
Then all the coefficients f 
also depend on u, v and their derivatives or integrals with respect to the independent variables z,ẑ.
Remark2: According to the expression (8a), the parameter λ can be expressed formally in terms of Laurent expansions in Φ
Similarly, the HamiltonianĤ = v + u λ can also be expressed formally in terms of Laurent expansions inΦ
. Therefore, all the coefficients p k , q k from the above two Laurent expansions depend on u, v and their derivatives or integrals with respect to the independent variables z,ẑ.
According to (5b), the second Hamiltonian associated with the dDS system (2) can be expressed as (Φ 2 ) >0 + (Φ 2 ) ≤0 . Here and hereafter () >0 stands for the extracting the positive powers of λ and the similar definition for () ≤0 . This notion can be generalized to arbitrary nonnegative integers m, n by introducing the Hamiltonians as follows
Proposition 1. The Zakharov-Shabat equations
are equivalent to the following (2 + 1) dimensional closed systems for unknowns u and v:
In fact, due to the ring properties of the space of eigenfunctions of vector fields, also Φ m andΦ n satisfy the vector field equationL(Φ n ) = 0,L(Φ n ) = 0, from which one infers the recursive relations:
The Zakharov-Shabat equations (15) are equivalent to
Substituting the recursive relations (17) into the above expression (18), one obtains the systems (16) . The notion of dDS (dispersionless Davey-Stewartson) is a straightforward extension of the above special case (which include the particular Hamiltonian H).
Definition 1. The Zakharov-Shabat equations
are equivalent to compatible systems. These compatible systems are defined as the dDS (dispersionless Davey-Stewartson) hierarchy.
In fact, the Zakharov-Shabat equations (15) are equivalent to the following commutation conditions L , L mn = 0, (20) in which the vector fields Lax pairs are defined aŝ
Therefore, all the vector fields L mn (m + n ≥ 2) share the same eigenfunctions withL. This fact implies
which is equivalent to the Zakharov-Shabat equations (19) . Therefore the Zakharov-Shabat equations (19) are equivalent to compatible systems.
Analogous to the structure of dKP hierarchy and SDIFF(2) Toda hierarchy [22, 23] , the Zakharov-Shabat equations (19) take place in the analysis of the selfdual vacuum Einstein equation and hyper-Kähler geometry [28] . In the study of the vacuum Einstein equation (as well as its hyper-Kähler version), a Kähler-like 2-form and associated Darboux coordinates play a central role [29, 30] . The dDS hierarchy has another expression which resembles the twistor structure.
Definition 2. By introducing an exterior differential 2-form as
then the dDS hierarchy can be defined as
The symbol d stands for total differentiation in λ, z,ẑ and t mn (m + n ≥ 2).
In fact, firstly, ω is a closed form, i.e.,
Secondly, the Zakharov-Shabat equations (19) , which give the definition of dDS hierarchy, can be cast into a compact form as
These two relations imply the existence of two functions L and M that give a pair of Darboux coordinates as
More specifically, one may select L = Φ which is defined in (8a) and to find the formal solution for the equation
This equation can be rewritten as
This implies the existence of a function F = F (Φ, z,ẑ, t mn ) such that
which is equivalent to
By considering H mn 's positive part (positive powers of λ), one obtains the expression of F as follows
Since the relation (11), the nonpositive part of F in the expression (33) is expressed by the powers of Φ and all the coefficients θ j (j ≤ 0) depend on u, v and their derivatives or integrals with respect to the independent variables z,ẑ. By direct calculation, one obtains
where v j = (j + 1)θ j+1 . Therefore the pair (Φ, Ψ) forms a Darboux coordinate of ω. Analogous to the above process, a functionF =F (Φ, z,ẑ, t mn ) can be constructed as the following form
which satisfies
By direct calculation, one obtainŝ
wherev j = (j + 1)θ j+1 . Therefore the pair (Φ,Ψ) also forms a Darboux coordinate of ω.
Definition 3. The dDS (dispersionless Davey-Stewartson) hierarchy consists of the following Lax-Sato equations
for eigenfunctions K = Φ, Ψ,Φ,Ψ defined in (25) and the canonical Poisson relations
These Lax-Sato equations are equivalent to the commutation conditions
In fact, by considering the definition (23) and the relation (24), from the coefficients of dλ ∧ dz,dλ ∧ dt mn and dz ∧ dt mn respectively, one obtains
By solving these equations for ∂Φ/∂t mn and ∂Ψ/∂t mn , one obtains
which are equivalent to the following expressions
Analogously, we have the following results for theΦ andΨ
which can be expressed as
Some examples from the dDS hierarchy are presented below.
Example 1: By taking m = 2, n = 0; k = 3, l = 0 and t 20 = y, t 30 = t, Hamiltonians read as follows
Then the following nonlinear system
arises from the Zakharov-Shabat equation (19) which is nothing but the complex dmKP (dispersionless modified Kadomtsev-Petviashvili) system. Example 2: By taking m = 1, n = 1; k = 2, l = 2, Hamiltonians read as follows
arises from the Zakharov-Shabat equation (19) . Example 3: By taking m = 0, n = 1; k = 2, l = 2 and t 01 =ẑ, t 22 = t, Hamiltonians read as follows
Then nonlinear system arise from the Zakharov-Shabat equation (19) read as 2uẑ + w z − 2vv z = 0, (51a)
which can be simplified exactly to the dDS system (2) with the choice v = Sẑ. Example 4: If one of the two Hamiltonians is chosen asĤ = H 01 , by virtue of (15)and (16), the integrable flow equations can be obtained through (16) simply. For example, by choosing another Hamiltonian as H 33 and letting v = Sẑ, the functions f 
Then one obtains the following system
S t33 − (S 
φ zẑ = (uS z ) zz + (uSẑ)ẑẑ,
which is analogous to the dDS system (2).
Remark 3:
The dDS hierarchy generalizes the complex dmKP (dispersionless modified KP) hierarchy. In fact, the complex dmKP hierarchy is the particular case for n = l = 0 in (19) for eigenfunctions K = Φ, Ψ,Φ,Ψ defined in (25) , in which
S mn = (mΦ m−1 Φ z J −1 ) >0 + (nΦ n−1Φ zĴ 
